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Abstract
A considerable number of non-normed topological ∗-algebras admit a C∗-enveloping algebra. Various
characterizations of such algebras are given in terms of diverse properties of decisive features of a given
topological ∗-algebra, like the sets of its continuous ∗-representations, its continuous positive functionals,
the hermitian spectrum, etc. Interconnections of these sorts of algebras with hermiticity and C∗-spectrality
are also discussed. An analogy in structure, between (not necessarily involutive) commutative Q-algebras
and topological ∗-algebras having a C∗-enveloping algebra, leads to the study of some automatic continuity
results. Furthermore, different examples are presented concerning the question: When does a dense Fréchet
∗-subalgebra of a C∗-algebra have a C∗-enveloping algebra? Some questions and conjectures are stated
that arise from the whole study.
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The class of topological ∗-algebras having a C∗-enveloping algebra constitutes a class of
non-normed involutive algebras that are well behaved and close in spirit to C∗-algebras. Their
basic properties with several examples are developed in [11]; whereas in [12], their representa-
tion theory is worked out and their relevance with C∗-algebras is discussed. Pursuing a formal
analogy between topological ∗-algebras having a C∗-enveloping algebra and commutative (not
necessarily involutive) Q-algebras (i.e., those in which the quasi-regular elements form an open
set) envisaged in [11], we investigate hermitian spectra sph(x) (respectively sp′h(x)) of an ele-
ment x in an involutive algebra A defined as the union of spectra of π(x), π running over all
∗-representations (respectively irreducible ∗-representations) on Hilbert spaces. We prove that a
Banach ∗-algebra A is hermitian if and only if sph(x) = sp′h(x) = sp(x), for all x ∈ A, where
sp(x) is the usual spectrum of x ∈ A. This ought to happen in view of the fact that in a (not neces-
sarily involutive) Banach algebra, sp(x) is the union of sp(σ (x)), σ running over all irreducible
representations on vector spaces. An analogue of the above result for m∗-convex algebras is also
developed and various spectral functions associated with the hermitian spectral theory are used
to describe C∗-spectral algebras. The class of C∗-spectral algebras plays an important role in
the theory of the unbounded operators as it can be seen in [7,10]. Furthermore, it is shown that
a complete locally convex ∗-algebra A has a C∗-enveloping algebra if and only if 0 is an inte-
rior point of K := {x ∈ A: π(x) is quasi-regular in B(Hπ), for all π ∈ Rc(A)} if and only if the
hermitian spectral radius is dominated by a continuous seminorm (the set Rc(A) consists of all
continuous nonzero ∗-representations of A; see Section 1.2). In the Fréchet case, this is equiva-
lent to the boundedness of sph(x) for all x. This yields hermitian analogues of a result of ˙Zelazko
[34] and results in [23]. It is well known that the inverse of an injective ∗-homomorphism from
a C∗-algebra A to a Banach ∗-algebra B is continuous. We discuss an analogue of this when
A is a pro-(jective limit of) C∗-algebra(s) and B is a locally convex ∗-algebra having a C∗-
enveloping algebra. This improves an automatic continuity theorem in [19]. Several examples
are discussed pertaining to the question of when a dense Fréchet ∗-subalgebra of a C∗-algebra
has a C∗-enveloping algebra. The structure of locally convex ∗-algebras (respectively m∗-convex
algebras) regarded as ∗-subalgebras of C∗-algebras has been given considerable attention in re-
cent years, for various important reasons; see, for instance, [32].
1. Preliminaries
All algebras we deal with are considered over the field of complex numbers and all topological
spaces are assumed to be Hausdorff.
1.1. Algebraic preliminaries
Suppose that A is an algebra and x ∈ A. Then, spA(x), respectively rA(x) denotes the spec-
trum, respectively the spectral radius of x in A. The set GqA stands for the group of all quasi-
regular elements of A and when A has an identity (always denoted by 1), the corresponding
group of regular elements is denoted by GA. Let now p be a seminorm on A. Then, p is called
uniform if it preserves squares, i.e., p(x2) = p(x)2, for every x ∈ A; p is called m-seminorm
(equivalently, submultiplicative seminorm) if p(xy) p(x)p(y), for all x, y in A. If there is an
m-seminorm p on A such that
rA(x) p(x), ∀x ∈ A, (1.1)
S.J. Bhatt et al. / J. Math. Anal. Appl. 331 (2007) 69–90 71then A is called spectral and p spectral m-seminorm. These concepts were introduced by
T.W. Palmer in [25].
Suppose now that A is a ∗-algebra (i.e., an algebra A with an involution ∗). Then, an m-
seminorm p on A, is said to be an m∗-seminorm, if it preserves involution; that is p(x∗) = p(x),
for all x in A. A seminorm p on A that satisfies the C∗-property, i.e., p(x∗x) = p(x)2, for all
x in A, is called a C∗-seminorm. If there is a C∗-seminorm p on A such that (1.1) is satisfied,
then A is said to be a C∗-spectral algebra and p a spectral C∗-seminorm [10]. Note that each
C∗-seminorm p on a ∗-algebra A is automatically submultiplicative and ∗-preserving [33], so
that it is an m∗-seminorm.
A ∗-algebra A is called hermitian, if spA(h) ⊆ R, for all h∗ = h in A [14,17]. Note that
every C∗-spectral algebra is hermitian. Moreover, hermiticity and C∗-spectrality coincide on
Banach algebras with a not-necessarily continuous involution [9] (for more general cases, see
[20]). Further, a ∗-algebra A is said to be a ∗-sb algebra (abbreviation of “∗-spectrally bounded”
algebra) if
rA
(
x∗x
)
< ∞, ∀x ∈ A.
In this case the following function
pA(x) := rA
(
x∗x
)1/2
, x ∈ A,
is defined, known as Pták function, from its contribution to the theory of hermitian Banach alge-
bras developed by V. Pták in [28].
Now, a ∗-representation of a ∗-algebra A is a ∗-homomorphism π of A into the C∗-algebra
B(Hπ) of all bounded linear operators on a Hilbert space Hπ . We shall use the following notation
R(A) = {all nonzero ∗-representations of A},
R′(A) = {π ∈ R(A): π is topologically irreducible}.
1.2. Topological preliminaries
A locally convex algebra A[τ ] is a locally convex space which is also an algebra with a jointly
continuous multiplication. We always suppose that the topology τ of A is defined by a saturated
directed family of seminorms {p} denoted by Γ . When more than one locally convex algebra
is involved, we shall use for distinction the notation τA, respectively ΓA. If there is a saturated
directed family Γ such that each p in Γ is an m-seminorm, A[τ ] is called an m-convex algebra.
A locally convex ∗-algebra is a locally convex algebra A[τ ] endowed with a continuous involu-
tion ∗. An m∗-convex algebra is a locally convex ∗-algebra A[τ ], whose topology τ is defined
by a saturated directed family Γ of m∗-seminorms [22,23]. A complete metrizable locally con-
vex (∗-)algebra, respectively m(∗)-convex algebra, is called Fréchet locally convex (∗-)algebra,
respectively Fréchet m(∗)-convex algebra.
Now, given an m∗-convex algebra A[τ ] and p ∈ Γ , let Np = {x ∈ A: p(x) = 0} be the
nullspace of p and ‖ · ‖p the algebra norm induced on Ap = A/Np by p; i.e., ‖xp‖p := p(x),
with xp ≡ x + Np , x in A. Denote by A˜p the Banach algebra completion of Ap[‖ · ‖p]; then
the families {Ap[‖ · ‖p]} and {A˜p[‖ · ‖p]} are inverse limit systems in the category of m∗-convex
algebras. In particular,
A[τ ] ↪→ limAp ↪→ lim A˜p,←− ←−
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∗-homomorphisms), while when A[τ ] is complete, one has
A[τ ] = lim←− A˜p,
up to a topological ∗-isomorphism (i.e., bijective, bicontinuous, ∗-homomorphism) [22,23]. The
family of the Banach ∗-algebras {A˜p} is called an Arens–Michael analysis for a (non-complete)
m∗-convex algebra A[τ ] and Arens–Michael decomposition for a complete m∗-convex algebra
A[τ ]. If each A˜p is hermitian, then the respective Arens–Michael analysis of the given m∗-convex
algebra A[τ ] is called a hermitian analysis; when A[τ ] is complete, we speak about a hermitian
decomposition of A[τ ].
A pro-C∗-algebra is a complete locally convex algebra A[τ ] with an involution ∗, such
that each p ∈ Γ is a C∗-seminorm. It is obvious from the comments in Section 1.1, that each
pro-C∗-algebra is a complete m∗-convex algebra. Moreover, for every pro-C∗-algebra A[τ ],
the quotients Ap[‖ · ‖p], p ∈ Γ , are complete [2,31], hence C∗-algebras. A metrizable pro-
C∗-algebra is called σ -C∗-algebra [26]. Given an m∗-convex algebra A[τ ], let Ab denote the
bounded part of A[τ ]; i.e.,
Ab =
{
x ∈ A: sup
p∈Γ
p(x) < ∞
}
. (1.2)
Under the m∗-norm ‖x‖∞ := supp∈Γ p(x), x ∈ Ab , Ab becomes a normed ∗-algebra, which
becomes Banach, whenever A[τ ] is moreover complete. When A[τ ] is a pro-C∗-algebra, then
Ab[‖ · ‖∞] is a C∗-algebra dense in A[τ ] (see [2,31]).
Let A[τ ] be a locally convex algebra. We denote by Γc the set of all continuous seminorms
on A. When A[τ ] is a locally convex ∗-algebra, we assume that each element of Γc satisfies the
condition: p(x∗) = p(x), ∀x ∈ A.
Now given a locally convex ∗-algebra A[τ ], denote by P(A) the set of all positive linear
functionals on A. For p ∈ Γc , let Pp(A) be the set of all positive linear functionals f on A such
that |f (x)| p(x), for all x ∈ A and Bp(A) be the set of all extreme points of Pp(A). Also, let
Pc(A) =
⋃
p∈Γc
Pp(A) and Bc(A) =
⋃
p∈Γc
Bp(A).
Further, denote by (also see Section 1.1),
Rc(A) =
{
π ∈ R(A): π is continuous},
R′c(A) =
{
π ∈ Rc(A): π is topologically irreducible
}
.
The ∗-radical of A[τ ] denoted by R∗A is defined to be
R∗A =
{
x ∈ A: π(x) = 0, ∀π ∈ Rc(A)
}
.
On the other hand, let
Rp(A) =
{
π ∈ R(A): ∥∥π(x)∥∥ p(x), ∀x ∈ A} and
R′p(A) = Rp(A)∩R′(A), ∀p ∈ Γc.
Then,
Rc(A) =
⋃{
Rp(A): p ∈ Γc
}
, R′c(A) =
⋃{
R′p(A): p ∈ Γc
}
.
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rp(x) = sup
{∥∥π(x)∥∥: π ∈ Rp(A)}, x ∈ A.
Then rp is a continuous C∗-seminorm on A; in particular, rp(x) p(x), for all x ∈ A. In view
of [4, Lemma 2.5], we do not need to assume A[τ ] to be either complete or unital. It is obvious
that
R∗A =
⋂
{ker rp: p ∈ Γc}.
Denote by τ ′ the C∗-convex topology on A defined by the continuous C∗-seminorms rp,p ∈ Γc ,
and let qp(x +R∗A) := rp(x), x ∈ A, p ∈ Γc . Then, qp defines a continuous C∗-seminorm on the
quotient locally convex ∗-algebra A[τ ′]/R∗A. Denote the corresponding Hausdorff C∗-convex
topology on A[τ ′]/R∗A by τq . The enveloping pro-C∗-algebra of A[τ ], denoted by E(A), is the
completion of (A[τ ′]/R∗A)[τq ], or in other words, the Hausdorff completion of A[τ ′]. When A[τ ]
is metrizable, E(A) is also metrizable. The continuous ∗-homomorphism
j :A[τ ] → A[τ ′]/R∗A ↪→ E(A) :x x +R∗A
is called natural enveloping map. We say that a locally convex ∗-algebra A[τ ] has a C∗-en-
veloping algebra if the pro-C∗-algebra E(A) is a C∗-algebra. If, for instance, A is a ∗-algebra
endowed with a single C∗-seminorm p, its enveloping pro-C∗-algebra E(A) is the C∗-algebra
A˜p completion of (A[p]/Np)[‖ · ‖p]. In case that A[τ ] is an m∗-convex algebra, we may replace
Γc by ΓA.
Now, a locally convex ∗-algebra A[τ ] is said to be ∗-spectral (respectively C∗-spectral) [9,
Definition 2.5] if there is a continuous m∗-seminorm (respectively continuous C∗-seminorm)
p on A such that (1.1) is satisfied; p is called continuous spectral m∗-seminorm (respectively
continuous spectral C∗-seminorm). Every spectral C∗-seminorm is uniquely determined by the
Pták function pA (cf. [8, Lemma 4.5(1)], [9, Lemma 2.9] and [20, Remark 3.5(1)]).
A locally convex algebra A[τ ] is said to be a Q-algebra, if the group GqA of its quasi-regular
elements is open [22,23], or equivalently, if there is p ∈ Γc such that (1.1) is satisfied (also see
[21, Proposition 6.14]). When
pA(x) p(x), for some p ∈ Γc and ∀x ∈ A,
then naturally A[τ ] is called psQ-algebra (abbreviation of pseudo-Q-algebra). It is clear that
Q ⇒ psQ ⇒ ∗-sb. If A[τ ] is a hermitian complete m∗-convex algebra, then
rA(x) pA(x), ∀x ∈ A (Pták inequality)
(cf. [28] and [20, Theorem 4.2] for more general cases); hence if A[τ ] is also psQ, it is a Q-
algebra [4]. It is obvious from the above that every locally convex Q-algebra A[τ ] is spectral,
but the converse is not necessarily true, unless the m-seminorm as in (1.1) belongs to Γc .
Further, a locally convex algebra A[τ ] is said to be advertibly complete (see [22, p. 45, Defi-
nition 6.4]), whenever a Cauchy net {xδ} in A[τ ] with the property
xδ ◦ x → 0 ← x ◦ xδ, for some x ∈ A,
converges in A[τ ] (“◦” denotes the circle operation [14, p. 15]). Every Q-algebra is advert-
ibly complete (Warner); see e.g., [21, Theorem 6.5]. Furthermore, an element x ∈ A is said to
be Allan-bounded [1], if there exists a scalar λ = 0 such that the set {(λ−1x)n: n = 1,2, . . .}
is bounded. The set of all Allan-bounded elements of A[τ ] is denoted by A0. Notice that
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Now, if A[τ ] is a commutative m-convex algebra, the Gel’fand space of A[τ ], denoted
by M(A) is the set of all nonzero continuous multiplicative linear functionals of A, endowed
with the weak ∗-topology (Gel’fand topology). When A[τ ] is a commutative m∗-convex algebra,
then the set M∗(A) := {ϕ ∈M(A): ϕ(x∗) = ϕ(x), ∀x ∈ A}, is called the hermitian Gel’fand
space of A[τ ].
2. Hermitian spectral theory and locally convex ∗-algebras with a C∗-enveloping algebra
The following [4, Lemma 2.10] extends the main result in [11, §2] to a more general setup.
Lemma 2.1. [4, Lemma 2.10] Let A[τ ] be a complete locally convex ∗-algebra. Then the follow-
ing hold:
(1) A[τ ] has a C∗-enveloping algebra if and only if A[τ ] admits a greatest continuous C∗-
seminorm.
(2) If A[τ ] is psQ and Rc(A) = ∅, then A[τ ] admits a greatest C∗-seminorm, which is also
continuous.
(3) If A[τ ] is ∗-sb and Fréchet, and Rc(A) = ∅, then A[τ ] has a C∗-enveloping algebra; the
converse does not hold.
Example 2.2. (1) Let U = {z ∈ C: −1 < Re z < 1}. Let Cc(U) be the algebra (with point-
wise defined algebraic operations) of all continuous complex valued functions on U under the
compact-open topology c. Let B = {f ∈ Cc(U): f is analytic in U } be the strip algebra. Then,
B[c] is a Fréchet m∗-convex algebra under the involution f → f ∗, f ∗(z) = f (z), z ∈ U . Its
enveloping pro-C∗-algebra E(B) is the C∗-algebra C[−1,1] of all continuous complex valued
functions on [−1,1]. The algebra B[c] is not ∗-sb, as is exhibited by the function f (z) = z,
z ∈ U . Thus, B[c] is neither a Q-algebra, nor a psQ-algebra.
(2) The pro-C∗-algebra Ccc[0,1] of all continuous complex valued functions on [0,1], with
the topology “cc” of uniform convergence on the countable compact subsets of [0,1], is a ∗-sb
algebra, but not a Q-algebra; moreover it does not have a C∗-enveloping algebra. We do not
know an example of a psQ-algebra which is not a Q-algebra. However, the preceding algebra
Ccc[0,1], being a pro-C∗-algebra, is symmetric and hence hermitian. Therefore, had it been
psQ, it would also be a Q-algebra [4], and hence a C∗-algebra, which is a contradiction (see
[21, p. 105, Remark and Corollary 8.2]).
(3) Let X be a non-compact, locally compact, 0-dimensional space and Cc(X), the pro-C∗-
algebra of all complex-valued continuous functions on X with the compact-open topology c.
Let
Sc(X) =
{
f ∈ Cc(X): f is simple
}
,
with the relative topology from Cc(X). Then, Sc(X) is an advertibly complete, hermitian, m∗-
convex algebra, which is not a Q-algebra [21, pp. 77–78], hence not a psQ-algebra; moreover
it does not have a C∗-enveloping algebra. In fact, E(Sc(X)) = Cc(X). Furthermore, both of the
preceding algebras Ccc[0,1] and Sc(X) are C∗-spectral algebras with spectral C∗-seminorm
the supremum norm ‖ · ‖∞.
Lemma 2.1 suggests the following question (see also [4, Proposition 4.1] and the discussion
that follows): Is a ∗-sb Fréchet locally convex ∗-algebra a psQ-algebra?
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algebra and commutative locally convex Q-algebras (not necessarily involutive). By [11] an m∗-
convex algebra A[τ ] has a C∗-enveloping algebra if and only if A[τ ] admits a greatest continuous
C∗-seminorm if and only if each of the sets Pc(A) and Bc(A) are equicontinuous. By [5,6]
a complete commutative m-convex algebra B[τ ] is a Q-algebra if and only if B[τ ] admits a
greatest continuous uniform seminorm (see Section 1.1) if and only if the Gel’fand spaceM(B)
of B[τ ] is equicontinuous. We aim to explore this analogy further.
We begin by introducing the hermitian analogue of spectral theory in ∗-algebras. We will deal
with the following spectral entities:
sphA(x) :=
⋃
π∈R(A)
spB(Hπ )
(
π(x)
)
, sp′hA (x) :=
⋃
π∈R′(A)
spB(Hπ )
(
π(x)
)
, x ∈ A,
rhA(x) := sup
π∈R(A)
rB(Hπ )
(
π(x)
)
, phA(x) := rhA
(
x∗x
)1/2
, x ∈ A,
r ′hA (x) := sup
π∈R′(A)
rB(Hπ )
(
π(x)
)
, p′hA (x) := r ′hA
(
x∗x
)1/2
, x ∈ A.
In the case of a locally convex ∗-algebra A[τ ] the sets R(A), respectively R′(A) are replaced
by the sets Rc(A), respectively R′c(A). We call sphA(x) the hermitian spectrum of x in A and
rhA(x) the hermitian spectral radius of x in A. Note that for all h = h∗ ∈ A and π ∈ R(A),
rB(Hπ )(π(h)) = ‖π(h)‖. Moreover, one has from the very definitions that
r ′hA (x) p′hA (x) phA(x) and r ′hA (x) rhA(x) phA(x), ∀x ∈ A. (2.1)
Using [18, Lemma 4.1], we conclude easily that for any m∗-convex algebra A[τ ], phA(x) =
p′hA (x), for all x ∈ A. So, one could ask: What about the equality rhA(x) = r ′hA (x) for any x? In the
commutative case, R′c(A) =M∗(A), and so one gets sp′hA (x) = {xˆ(ϕ): ϕ ∈M∗(A)} ⊂ sphA(x),
x ∈ A. In case A is a C∗-algebra, sphA(x) = sp′hA (x), for all x ∈ A (see proof of Proposition 3.3).
In the case of the strip algebra B[c] discussed in Example 2.2(1) M∗(B) = [−1,1], while
M(B) = U via the point evaluation. For f ∈ B , sp′hB (f ) = {f (z): z is real, −1 z 1}. Notice
that B[c] is not hermitian. In the presence of hermiticity, one has the following
Proposition 2.3. Let A be a Banach ∗-algebra. Then, A is hermitian if and only if spA(x) =
sp′hA (x) for all x ∈ A if and only if spA(x) = sphA(x) for all x ∈ A.
Proof. Note that Rc(A) = R(A). Let spA(x) = sphA(x) =
⋃{spB(Hπ )(π(x)): π ∈ R(A)}, x ∈ A.
Then, since spB(Hπ )(π(h)) ⊂ R, for all h∗ = h in A and π in R(A), it follows that spA(h) ⊂ R,
for all h∗ = h in A. Hence, A is hermitian. Conversely, let A be hermitian. It is known (see
e.g., [9, Theorem 2.15]) that every algebraically irreducible representation π of A on a vector
space is similar to a bounded algebraically irreducible ∗-representation σ on a pre-Hilbert space
(and hence on a Hilbert space). Thus, there is an invertible linear transformation S such that
π(x) = S−1σ(x)S, for all x ∈ A, therefore sp(π(x)) = sp(σ (x)), for all x ∈ A. Now
spA(x) =
⋃{
sp
(
π(x)
)
: π is an algebraically irreducible representation on a vector space
}
=
⋃{
sp
(
σ(x)
)
: σ is an algebraically irreducible ∗-representation}
⊂
⋃{
spB(Hσ )
(
σ(x)
)
: σ is an algebraically irreducible ∗-representation
on a Hilbert space
}
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=
⋃{
spB(Hσ )
(
σ
(
j (x)
))
: σ is an algebraically irreducible ∗-representation
of E(A) on a Hilbert space} (for j , see Section 1.2)
=
⋃{
sp
(
σ
(
j (x)
))
: σ is an algebraically irreducible representation of
E(A) on a vector space} (as above)
= spE(A)
(
j (x)
)⊂ spA(x), x ∈ A,
where because of Kadison transitivity theorem for C∗-algebras, we conclude that
spE(A)
(
j (x)
)= spA(x) = sp′hA (x), ∀x ∈ A.
In particular,
spE(A)
(
j (x)
)=⋃{spB(Hσ )(σ (j (x))): σ ∈ R(E(A))}
=
⋃{
spB(Hσ )
(
σ(x)
)
: σ ∈ R(A)}= sphA(x), x ∈ A.
Hence, spA(x) = sphA(x) = sp′hA (x), for all x ∈ A. 
Corollary 2.4. Let A[τ ] be a complete m∗-convex algebra. The following hold:
(1) If spA(x) = sphA(x), for all x ∈ A, then A[τ ] is hermitian.
(2) If A[τ ] admits a hermitian decomposition, then spA(x) = sphA(x), for all x ∈ A.
Proof. The first assertion is verified as in Proposition 2.3. For (2) assume that A[τ ] ac-
cepts a hermitian decomposition. Then, each A˜p is a hermitian Banach ∗-algebra. Moreover,
spA(x) =
⋃
p spA˜p (xp), for all x ∈ A [23]. On the other hand, from [18] R(A˜p) = Rp(A) :={π ∈ Rc(A): ‖π(x)‖ p(x) ∀x ∈ A}, p ∈ Γ . Thus,
sphA(x) =
⋃
π∈Rc(A)
spB(Hπ )
(
π(x)
)=⋃
p
( ⋃
π∈Rp(A)
spB(Hπ )
(
π(x)
))
=
⋃
p
( ⋃
πp∈R(A˜p)
spB(Hπ )
(
πp(xp)
))=⋃
p
sph
A˜p
(xp)
=
⋃
p
sp
A˜p
(xp) (by Proposition 2.3, as each A˜p is hermitian)
= spA(x), ∀x ∈ A. 
Lemma 2.5.
(1) Let A be either a ∗-sb algebra, or a complete locally convex ∗-algebra with continuous
inversion and A = A0. Then,
rhA(x) phA(x) = sup
π∈R(A)
∥∥π(x)∥∥ pA(x), ∀x ∈ A,
where in the locally convex case R(A) is, of course, replaced by Rc(A).
(2) Let A be a ∗-algebra. Then, A is a C∗-spectral algebra if and only if pA is a subadditive
real valued function if and only if pA is a C∗-seminorm.
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p. 414, (4.2) Corollary]). The first inequality follows from the very definitions (see also (2.1)).
Now,
phA(x) = rhA
(
x∗x
)1/2 = sup
π∈R(A)
rB(Hπ )
(
π
(
x∗x
))1/2
= sup
π∈R(A)
∥∥π(x∗x)∥∥1/2 = sup
π∈R(A)
∥∥π(x)∥∥, ∀x ∈ A.
On the other hand, phA(x) = supπ∈R(A) rB(Hπ )(π(x∗x))1/2  rA(x∗x)1/2 = pA(x). Thus,
phA(x) pA(x), for all x ∈ A, which proves (1).
(2) If A is a C∗-spectral algebra, there is a C∗-seminorm p on A such that rA(x) p(x), for
all x ∈ A. But p = pA from the uniqueness of p, so pA is a C∗-seminorm.
Conversely, if pA is a C∗-seminorm on A, then by [13, Lemma 3.1(ii)], the Pták inequality is
satisfied (see Section 1.2), so that A is C∗-spectral. 
Theorem 2.6. Let A[τ ] be a complete locally convex ∗-algebra, which is either ∗-sb, or has a
continuous inversion and A = A0. Then, the following hold:
(1) A[τ ] has a C∗-enveloping algebra if and only if Rc(A) = ∅ and there exists p ∈ Γc such that
phA(x)  p(x), for all x ∈ A, if and only if there is π ∈ Rc(A) such that phA(x) = ‖π(x)‖,for every x ∈ A. In particular, if A[τ ] is Fréchet, then A[τ ] has a C∗-enveloping algebra if
and only if R(A)(= Rc(A)) = ∅.
(2) A[τ ] is a C∗-spectral algebra if and only if A[τ ] has a C∗-enveloping algebra and pA is a
continuous C∗-seminorm. In this case, pA = phA. In particular, if A[τ ] is Fréchet, then A[τ ]
is C∗-spectral if and only if A[τ ] has a C∗-enveloping algebra and pA is a C∗-seminorm on
A[τ ] if and only if A[τ ] is hermitian with a C∗-enveloping algebra.
Proof. (1) Assume that A[τ ] has a C∗-enveloping algebra. Then, by Lemma 2.1(1) A[τ ] admits
a greatest continuous C∗-seminorm p∞. Let πM be the ∗-representation of A defined by p∞
by the usual standard method. Moreover, there is p ∈ Γc such that p∞(x) p(x) and p∞(x) =
‖πM(x)‖ for all x ∈ A. Fix x ∈ A. Then, for any π ∈ Rc(A), ‖π(x)‖  p∞(x) = ‖πM(x)‖.
Hence,
sup
π∈Rc(A)
∥∥π(x)∥∥ ∥∥πM(x)∥∥ sup
π∈Rc(A)
∥∥π(x)∥∥.
Therefore,
phA(x) = sup
π∈Rc(A)
∥∥π(x)∥∥= ∥∥πM(x)∥∥= p∞(x) p(x).
The existence of πM shows that Rc(A) is nonempty. Also, we have πM ∈ Rc(A) such that
‖πM(x)‖ = phA(x), for all x ∈ A.
Now suppose that Rc(A) = ∅ and that there exists a p ∈ Γc with phA(x) p(x), for all x ∈ A.
Let σ ∈ Rc(A). Then,∥∥σ(x)∥∥2 = ∥∥σ (x∗x)∥∥= rB(Hσ )(σ (x∗x)) sup
π∈Rc(A)
rB(Hπ )
(
π
(
x∗x
))
= rhA
(
x∗x
)= phA(x)2  p(x)2, ∀x ∈ A.
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x ∈ A. Thus, A[τ ] admits a greatest continuous C∗-seminorm, therefore it has a C∗-enveloping
algebra.
Finally, assume that there is π ∈ Rc(A), such that phA(x) = ‖π(x)‖. But taking p(x) :=‖π(x)‖, x ∈ A, a continuous C∗-seminorm p is defined on A, so as it was seen above A[τ ]
has a C∗-enveloping algebra.
Now let A[τ ] be Fréchet and R(A)(= Rc(A)) = ∅ [21, Corollary 17.2]. As in the proof
of Lemma 2.5(1), rA(x∗x) < ∞ for all x ∈ A. Thus, for each π ∈ R(A), ‖π(x)‖2 =
rB(Hπ )(π(x
∗x)) rA(x∗x) < ∞. Taking the supremum over all π ∈ R(A), we have p∞(x) < ∞.
Since A[τ ] is Fréchet, p∞ is continuous. So, (1) is proved.
(2) Let A[τ ] be a C∗-spectral algebra. Then, there exists a continuous C∗-seminorm p on
A[τ ] such that rA  p. From the discussion in Section 1.2, we have that A[τ ] is a Q-algebra
and pA = p, so that pA is a continuous C∗-seminorm. It follows now from [11] that A[τ ] has a
C∗-enveloping algebra. Further, let Ap be the Hausdorff completion of A[p]. Then, Ap is a C∗-
algebra (hence symmetric) and if the continuity of p is described by one q ∈ Γc , then Rp(A) ⊂
Rq(A) ⊂ Rc(A). Thus (see also proof of Lemma 2.5(1), [25, Theorem 3.1] and Raikov’s criterion
for symmetry), we have
pA(x)
2 = rA
(
x∗x
)= rAp(x∗pxp)= sup
π∈Rp(A)
∥∥π(x)∥∥2  sup
π∈Rc(A)
∥∥π(x)∥∥2
= phA(x)2  pA(x)2, ∀x ∈ A.
Conversely, let A[τ ] have a C∗-enveloping algebra and pA be a continuous C∗-seminorm.
Then, A[τ ] is C∗-spectral from Lemma 2.5(2) and if p∞ is the greatest continuous C∗-seminorm
on A[τ ], pA = p∞, since pA is always the greatest C∗-seminorm on A. 
By [23], a complete m-convex algebra is a Q-algebra if and only if 0 is an interior point
of GqA if and only if there exists a p ∈ Γ such that rA(x) p(x), for all x ∈ A. Further, by [34],
a commutative Fréchet m-convex algebra A[τ ] is a Q-algebra if and only if spA(x) is bounded
for all x ∈ A. To obtain analogues of these for a locally convex ∗-algebra having a C∗-enveloping
algebra, let
K = {x ∈ A: π(x) ∈ GqB(Hπ ), ∀π ∈ Rc(A)},
K ′ = {x ∈ A: π(x) ∈ Gq
B(Hπ )
, ∀π ∈ R′c(A)
}
.
Then, K ⊂ K ′. Is K = K ′? Concerning the above we have
Theorem 2.7. Let A[τ ] be a complete locally convex ∗-algebra with an identity. Then, the fol-
lowing are equivalent:
(1) A[τ ] has a C∗-enveloping algebra.
(2) Pc(A) is equicontinuous.
(3) Rc(A) is equicontinuous.
(4) 0 is an interior point of K .
(5) There exists p ∈ Γc such that rhA(x) p(x), for all x ∈ A.
(6) There exists p ∈ Γc such that p′hA (x) phA(x) p(x), for all x ∈ A.
If A[τ ] is Fréchet, then each of the above is equivalent to
(7) spA h(x) is bounded for all x ∈ A.
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(2′) Bc(A) is equicontinuous.
(3′) R′c(A) is equicontinuous.
(4′) 0 is an interior point of K ′.
(5′) There exists p ∈ Γ such that r ′hA (x) p(x), for all x ∈ A.
If A[τ ] is Fréchet and m∗-convex, then each of the above is equivalent to
(7′) sp′hA (x) is bounded for all x ∈ A.
Proof. The equivalence (1) ⇔ (2) ⇔ (3) follows from the definition of the continuous greatest
C∗-seminorm p∞ attained by A[τ ] (Lemma 2.1(1)).
(4) ⇒ (5) Since 0 ∈ int(K), there is an open absolutely convex set 0 ∈ U ⊂ K . Let s(A) =
{x ∈ A: rhA(x) < 1}. We show that U ⊂ s(A). If not, there exists x ∈ U such that x /∈ s(A).
Hence, rhA(x) 1. Choose a scalar μ ∈ sphA(x) with |μ| 1. Then, there is π ∈ Rc(A) such that
μ ∈ spB(Hπ)(π(x)). Thus, −μ−1π(x) is not quasi-regular in B(Hπ). Hence, −μ−1x /∈ K . But,
|μ−1| 1 and U is balanced, so that x ∈ U implies −μ−1x ∈ U ⊂ K . This contradiction shows
that U ⊂ s(A). Thus, s(A) is a neighbourhood of 0. Let p = pU be the Minkowski functional
of U on A. Then, p is continuous and {x ∈ A: p(x) < 1} ⊂ U ⊂ s(A). Therefore, rhA(x) p(x),
for all x ∈ A.
(5) ⇒ (4) The set s(A), hence ( 12 s(A)) too, is a neighbourhood of 0. Let x ∈ ( 12 s(A)). Then,
rhA(x)  12 < 1. So, rB(Hπ)(π(x)) < 1, for all π ∈ Rc(A). That is, π(x) ∈ GqB(Hπ), for all π ∈
Rc(A). Thus, x ∈ K , i.e., ( 12 s(A)) ⊂ K .
(5) ⇒ (3) For each x ∈ A, rhA(x) = supπ∈Rc(A) rB(Hπ )(π(x))  p(x). So, rB(Hπ )(π(x)) 
p(x), for all π ∈ Rc(A) and x ∈ A. By joint continuity of multiplication, let q ∈ Γc such that
p(xy) q(x)q(y), for all x, y ∈ A. Then, we have∥∥π(x)∥∥2 = ∥∥π(x∗x)∥∥= rB(Hπ )(π(x∗x)) p(x∗x) q(x∗)q(x) = q(x)2,
for all π ∈ R(A) and x ∈ A, which proves (3).
(3) ⇒ (5) There exists p ∈ Γc such that ‖π(x)‖  p(x), for all π ∈ Rc(A) and each x ∈ A.
So,
rhA(x) = sup
π∈Rc(A)
rB(Hπ )
(
π(x)
)
 sup
π∈Rc(A)
∥∥π(x)∥∥ p(x), ∀x ∈ A.
(6) ⇔ (1) It follows easily from Lemma 2.1(1) and (2.1).
In the same way, one also has (1) ⇔ (7) in the Fréchet case. The refined assertions in the
case of Fréchet m∗-convex algebras are taken as follows: A = lim←− A˜n, where A˜n are Banach∗-algebras. Moreover, from [15]
sup
π∈R(An)
∥∥π(x)∥∥= sup
π∈R′(An)
∥∥π(x)∥∥ and Bc(A) = extreme points of Pc(A). 
Corollary 2.8. Let A[τ ] be a complete locally convex ∗-algebra with identity. Then,
(1) if A[τ ] is hermitian and spectral, spA(x) = sphA(x), for all x ∈ A;
(2) if spA(x) = sph (x), for all x ∈ A, A[τ ] is hermitian;A
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Q-algebra, hence spectral.
Proof. (1) Let A[τ ] be hermitian and spectral. Then, by [9, Theorem 2.15], every algebraically
irreducible representation of A[τ ] on a vector space is similar to a continuous bounded ir-
reducible ∗-representation on a pre-Hilbert space. Then, as in the proof of Proposition 2.3
spA(x) = sphA(x), for all x ∈ A.
(2) Let spA(x) = sphA(x), for all x ∈ A. Then, A[τ ] is hermitian by the very definitions.
(3) From Theorem 2.7, rA(x) = rhA(x) p(x), for some p ∈ Γc. Hence, A[τ ] is a Q-algebra
(see Section 1.2), therefore spectral. 
By a result of ˙Zelazko [34], if A[τ ] is a commutative complete m-convex algebra with identity,
then spA(x) is bounded for all x ∈ A if and only if spA(x) is compact for all x ∈ A if and only
if A[τ ] is a complete m-convex Q-algebra with a finer topology. The following is a hermitian
analogue of this.
Proposition 2.9. Let A[τ ] be a complete locally convex ∗-algebra (respectively m∗-convex alge-
bra). Then, the following are equivalent:
(1) sphA(x) is bounded for each x ∈ A.
(2) There is a finer topology τ ′ on A such that A[τ ′] is a complete locally convex ∗-algebra
(respectively a complete m∗-convex algebra), having a C∗-enveloping algebra.
Proof. (1) ⇒ (2) Since rhA(x) < ∞ for each x ∈ A, one has that phA(x)2 = rhA(x∗x) =
supπ∈Rc(A) ‖π(x)‖2 < ∞. Thus, phA is a C∗-seminorm. Let τ ′ be the topology defined by Γ ′ =
Γc ∪ {phA}. Then, clearly τ  τ ′. On the other hand, phA is the greatest C∗-seminorm on A which
is τ ′-continuous. Hence, A[τ ′] has a C∗-enveloping algebra, according to Lemma 2.1. Further,
A[τ ′] is complete. Indeed, let (xδ) be a Cauchy net in A[τ ′]. Then, given ε > 0, there exists η0
such that for all η, δ  η0, phA(xδ − xη) < ε and (xδ) is τ -Cauchy. Hence, there exists x ∈ A
such that p(xδ − x) → 0, for each p ∈ Γc , and so π(xδ) → π(x), for all π ∈ Rc(A). Then, for
all δ > η0, phA(xδ − x) = supπ∈Rc(A) ‖π(xδ − x)‖ = supπ∈Rc(A) limδ ‖π(xδ − x)‖  ε. Hence,
xδ → x in τ ′ and so A[τ ′] is complete.
(2) ⇒ (1) Suppose that A[τ ′] has a C∗-enveloping algebra under the mentioned finer than τ
topology τ ′. By Lemma 2.1, let p∞ be the greatest continuous C∗-seminorm on A[τ ′]. Then,
for each π ∈ Rc(A[τ ′]), ‖π(x)‖ p∞(x), for all x ∈ A. Hence, supπ∈Rc(A[τ ′]) ‖π(x)‖ p∞(x)
and since Rc(A[τ ]) ⊂ Rc(A[τ ′]), one concludes that sphA(x) is bounded for every x ∈ A. 
Every C∗-seminorm on a Fréchet locally convex ∗-algebra A[τ ] is continuous (see, for in-
stance [21, Corollary 17.2]). So, one easily gets the equivalences (1) ⇔ (7) and (1) ⇔ (7′) of
Theorem 2.7, as a corollary of Proposition 2.9
3. Automatic continuity
It is well known that if ψ :A → B is an injective ∗-homomorphism from a C∗-algebra A into
a Banach ∗-algebra B , then Imψ is closed and ψ−1 is continuous on Imψ . By extending this, it
is shown in [19, Theorem 3.9] that if A[τA] is a pro-C∗-algebra such that for each h = h∗ in A,
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∗-homomorphism such that Imϕ is a Q-algebra, then ϕ−1|Imϕ is continuous. Moreover, it was
asked in [19] whether this theorem can be improved further. Analogously, let ϕ :A[τA] → B[τB ]
be an injective homomorphism from a uniform topological algebra A[τA] (necessarily abelian)
[22, p. 274] to an m-convex algebra B[τB ] such that Imϕ is a semisimple Q-algebra. If A[τA]
is regular [22, p. 332], advertibly complete and functionally continuous [23], then ϕ−1|Imϕ is
continuous [3, Theorem 1]. Now, the structural analogy between commutative Q-algebras (not
necessarily involutive) and locally convex ∗-algebras with a C∗-enveloping algebra leads to the
following
Conjecture 3.1. Let ϕ :A[τA] → B[τB ] be an injective ∗-homomorphism from a pro-C∗-algebra
into a complete m∗-convex algebra B[τB ] such that Imϕ has a C∗-enveloping algebra. Then,
ϕ−1|Imϕ is continuous, and Imϕ is closed in B[τB ].
The following supports Conjecture 3.1, which also provides an improvement of [19, Theo-
rem 3.9]. Before, we need the following
Theorem 3.2. Let A[τ ] be a pro-C∗-algebra with identity, A′[τ ′] a complete m∗-convex alge-
bra and ϕ :A[τ ] → A′[τ ′] an injective ∗-homomorphism such that B = Imϕ (with the relative
topology) has a C∗-enveloping algebra. Assume that one of the following conditions holds:
(1) A is commutative.
(2) B is ∗-semisimple.
(3) B is Fréchet and psQ.
(4) ϕ is continuous.
Then, ϕ−1|Imϕ is continuous, Imϕ = Imϕ, Imϕ is a semisimple Q-algebra, and A = Ab
(see (1.2)). Further, if ϕ is continuous, then the topology τ of A is normable.
For the proof of Theorem 3.2 we need a series of lemmas that we first discuss.
Lemma 3.3. The completion A˜[τ˜ ] of a commutative hermitian m∗-convex algebra A[τ ] is her-
mitian.
Proof. The topology τ˜ is defined by the unique extensions p˜ on A˜ of the m∗-seminorms
p ∈ Γ . According to the notation of Section 1.2, it is easily seen that A˜p˜ = A˜p , for all p ∈ Γ .
Thus, A˜[τ˜ ] = lim←− A˜p and for any x ∈ A˜, spA˜(x) =
⋃
p spA˜p (xp) (see [22,23]). Also, for any
ϕ ∈M(A˜), there exists p˜ and k > 0 such that |ϕ(x)|  kp˜(x), for all x ∈ A˜. Thus, ϕp defined
on A˜p by ϕp(xp) = ϕ(x), x ∈ A˜, is in M(A˜p) and M(A˜) =⋃pM(A˜p) (ibid.). Now, since
A[τ ] is hermitian, for all h = h∗ ∈ A, sp
A˜p
(hp) ⊂ spA(h) ⊂ R, for each p ∈ Γ , which yields
sp
A˜
(h) ⊂ R, for all h = h∗ ∈ A. But, for any z ∈ A˜p , spA˜p (z) = {ϕp(z): ϕp ∈M(A˜p)}. More-
over, given h = h∗ ∈ A˜, there is a net {hi} of hermitian elements in A such that p(hi − h) → 0,
for all p ∈ Γ . Let λ ∈ sp
A˜
(h). Then, there is p ∈ Γ such that λ ∈ sp
A˜p
(hp). So, there exists
ϕ ∈M(A˜) with λ = ϕp(hp) = ϕ(h) = limi ϕ(hi), a limit of real numbers. Hence, λ ∈ R, which
proves that A˜ is hermitian. 
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Corollary 3.4. Let A[τ ] be a hermitian commutative m∗-convex algebra. Then, every Arens–
Michael analysis of A[τ ] is a hermitian analysis.
Proof. Let hp = h∗p ∈ Ap = A/Np , p ∈ Γ . Then, clearly there is h = h∗ ∈ A, the image of
which via the natural quotient map A → Ap :x → xp = x + Np is hp . Therefore, hermiticity
of A[τ ] implies hermiticity of Ap , for each p ∈ Γ . Since every Ap is also commutative, the
assertion follows from Lemma 3.3. That is, each Banach ∗-algebra A˜p , p ∈ Γ , is hermitian. 
Lemma 3.5. A commutative advertibly complete hermitian m∗-convex algebra having a C∗-en-
veloping algebra is a Q-algebra.
Proof. Using [22, (6.1), p. 99], [17, Theorems 33.1(a) and 33.12(b)] and Lemma 2.1, we have
that
rA(x) = sup
p
r
A˜p
(xp) sup
p
p
A˜p
(xp) = sup
p
sup
πp∈R(A˜p)
∥∥πp(xp)∥∥= p∞(x) kp0(x)
for some k > 0, some p0 ∈ Γ and all x ∈ A. Therefore, A[τ ] is a Q-algebra. 
Note. We do not know a non-commutative analogue of Lemma 3.5. However, it is shown in [4,
Proposition 4.1] that a hermitian ∗-sb Fréchet m∗-convex algebra is a Q-algebra. In this regard,
we put the following question: Let A[τ ] be a hermitian complete locally convex ∗-algebra with
a C∗-enveloping algebra. Let A[τ ] be either Fréchet or ∗-sb. Is A[τ ] a Q-algebra?
Lemma 3.6. Let ϕ be an injective ∗-homomorphism from a pro-C∗-algebra A[τA] with identity
to a complete m∗-convex algebra B[τB ]. Then, Imϕ = Im(ϕ|Ab).
Proof. Consider the following diagram
A[τA] ϕ Imϕ ⊂ Imϕ
Ab
σ=ϕ|Ab Imσ ⊂ Imσ .
Then, Imσ = Imϕ. Indeed, given x ∈ A, each xn = x(1 + 1nx∗x)−1, n ∈ N, belongs to Ab and
xn → x [2]. Then, ϕ(xn) → ϕ(x). We do not need continuity of ϕ here. Continuity of inversion
in m-convex algebras suffices. Thus, Imσ is dense in Imϕ. It follows that Imσ = Imϕ. 
Proof of Theorem 3.2. Denote by Γ = {p}, respectively Γ ′ = {p′}, the families of C∗-semi-
norms, respectively m∗-seminorms, defining the topologies τ , respectively τ ′. Let p′∞ be the
greatest continuous C∗-seminorm on B . Then, there exists p′ ∈ Γ ′ such that p′∞(y) p′(y), for
all y ∈ B (see, e.g., [17, (39.1)] and [16, p. 9, Proposition]).
Assume (1). Then, as a commutative pro-C∗-algebra, A[τ ] is hermitian (see e.g., [21, Theo-
rem 21.10]), and since ϕ is injective we get that Imϕ is hermitian too. So, B = Imϕ is hermitian
from Lemma 3.3, which from Lemma 3.5 yields that B is a Q-algebra.
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there exists q ∈ Γ ′|Imσ such that ‖x‖∞  q(ϕ(x)), for all x ∈ Ab . Hence, for each p ∈ Γ , there
is q ∈ Γ ′|Imσ with p(x) q(ϕ(x)), for all x ∈ Ab . Then, for any x ∈ A and xn as in Lemma 3.6,
we have
p(x) = lim
n
p(xn) lim
n
‖xn‖∞  lim
n
q
(
ϕ(xn)
)= q(ϕ(x)).
It follows that ϕ−1|Imϕ is continuous.
Assume (2). Then, R∗B = {0} = Np′∞ , so p′∞ is a C∗-norm on B . Let σ be as above. With
|y|∞ := ‖σ−1(y)‖∞, y ∈ Imσ , Imσ [| · |∞] is clearly a C∗-algebra. By the uniqueness of the
C∗-norm, p′∞(ϕ(x)) = ‖x‖∞, for all x ∈ Ab . Hence, with p′ as chosen in the beginning of the
proof and each p ∈ Γ ,
p(x) p′∞
(
ϕ(x)
)
 p′
(
ϕ(x)
)
, x ∈ Ab,
and by an argument with xn as in the case (1), p(x) p′(ϕ(x)), x ∈ A. This proves the assertion.
Assume (3). Let h = h∗ ∈ A and Ch the closed ∗-subalgebra of A[τ ] generated by h,1. Then,
Ch is a unital commutative pro-C∗-algebra. Let σh = ϕ|Ch :Ch → Imσh ⊂ Imσh ≡ D. Then,
applying Lemma 3.3 and (3) we conclude that D is a commutative hermitian Fréchet psQ m∗-
convex algebra. So, from Lemma 2.1(2) D has a C∗-enveloping algebra. On the other hand, by
case (1), σ−1h is continuous. Thus, given p ∈ Γ , there is q = qh ∈ Γ ′|D , depending upon h,
such that p(x) q(ϕ(x)), for all x ∈ Ch. In particular, given p ∈ Γ , there is u ∈ Γ ′|B such that
p(x)  u(ϕ(x)), for all x ∈ Ch, u depending on h. The same holds for each normal element x
of A. So, let x ∈ A be normal. Then, for each p ∈ Γ ,
p(x) = lim
n→∞p
(
xn
)1/n  lim
n→∞u
(
ϕ(x)n
)1/n  rB(ϕ(x)).
So, taking an arbitrary element x = h1 + ih2 in A with h1 = h∗1 and h2 = h∗2, p(x)  p(h1) +
p(h2) rB(ϕ(h1))+ rB(ϕ(h2)). Thus (recall that B is psQ),
‖x‖∞ = sup
p
p(x) rB
(
ϕ(h1)
)+ rB(ϕ(h2))< ∞, ∀x ∈ A.
Hence, A = Ab and
‖x‖2∞ =
∥∥x∗x∥∥∞  rB(ϕ(x∗x))= pB(ϕ(x))2, ∀x ∈ A.
Now, since B is psQ, there is a continuous m∗-seminorm q0 on B such that
‖x‖∞  pB
(
ϕ(x)
)
 q0
(
ϕ(x)
)
, ∀x ∈ A,
giving the continuity of ϕ−1.
Assume (4). Then, σ ≡ ϕ|Ab is ‖ · ‖∞-continuous on the C∗-algebra Ab[‖ · ‖∞]. Let |y| =
‖ϕ−1(y)‖∞, y ∈ Imσ . Then, Imσ [| · |] is a C∗-algebra. By Lemma 3.6 and continuity of ϕ,
id : Imσ [| · |] → B is a continuous embedding with dense image. Now, B is a pro-C∗-algebra
[19, Theorem 3.9]. But, a pro-C∗-algebra B has a C∗-enveloping algebra if and only if B is
a C∗-algebra. Thus, the topology on B is normable and is determined by the C∗-norm p′∞. It
follows that B = Imσ = Imϕ and | · | = p′∞(·), which yields the assertion.
Now, if ϕ−1|Imϕ is continuous, then for each p ∈ Γ , there exist k > 0 and q ∈ Γ ′|B such that
p(x) kq(ϕ(x)), for all x ∈ A. Moreover, the equality qp(ϕ(x)) := p(x), x ∈ A, gives a well-
defined continuous C∗-seminorm on Imϕ, which extends to a continuous C∗-seminorm on B .
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exists q ′ ∈ Γ ′|B with
p(x) = qp
(
ϕ(x)
)
 p′∞
(
ϕ(x)
)
 q ′
(
ϕ(x)
)
, ∀x ∈ A.
Hence, A = Ab . This also implies that Imϕ = Imϕ. Finally, for any x ∈ A,
rB
(
ϕ(x)
)= rA(x) ‖x‖∞  p′∞(ϕ(x)) q ′(ϕ(x)),
showing that B is a Q-algebra. Since p′∞ turns out to be a norm on B , B is ∗-semisimple, hence
semisimple. This completes the proof of Theorem 3.2. 
The following is motivated by the fact that a ∗-homomorphism from a locally convex involu-
tive Q-algebra to a C∗-algebra is continuous [19], and that a homomorphism from a Q-algebra
to a uniform Banach algebra is continuous.
Conjecture 3.7. Let A[τ ] be a complete m∗-convex algebra with a C∗-enveloping algebra. Let
π :A[τ ] → B be a ∗-homomorphism of A[τ ] into a C∗-algebra B . Then, π is continuous.
4. Dense ∗-subalgebras of C∗-algebras
Definition 4.1. Let ϕ :A → B be a homomorphism between two algebras A, B . We say that A
is spectrally invariant in B if spB(ϕ(x)) = spA(x), for all x ∈ A.
Now let A[‖ · ‖] be a C∗-algebra and B a ∗-subalgebra of A[‖ · ‖] satisfying the following
conditions:
(i) B is a complete m∗-convex algebra with a topology τ ,
(ii) B is dense in A[‖ · ‖],
(iii) the inclusion i :B[τ ] → A[‖ · ‖] is continuous.
We consider the following questions: When does the algebra B[τ ] have a C∗-enveloping alge-
bra? When is E(B) = A[‖ · ‖]? When is B[τ ] spectrally invariant in A[‖ · ‖]? If B[τ ] is Fréchet,
then (iii) is redundant (see e.g., [21, Corollary 17.2]). However, in general, the assumption (iii)
is essential for the discussion of these problems. Indeed, take A = C[0,1] with the supremum
norm ‖ · ‖∞ and B = Ccc[0,1] (see Example 2.2(2)); B is a pro-C∗-algebra that does not have
a C∗-enveloping algebra, since ‖ · ‖∞ is the greatest C∗-seminorm on B , but B fails to admit a
greatest continuous C∗-seminorm.
Lemma 4.2. Let A[‖ · ‖] and B[τ ] be as at the beginning of this section, with B[τ ] being more-
over Fréchet. Then, the bounded part Bb of B[τ ] (see (1.2)) is a C∗-algebra dense in B[τ ] if and
only if Bb[‖ · ‖∞] = B[τ ] = A[‖ · ‖].
Remark 4.3. (1) Even if A[‖ · ‖] is unital and B[τ ] Fréchet with 1 ∈ B , B[τ ] need not have
a C∗-enveloping algebra. Let 0 < r < 1, U r = { z ∈ C: |z| < r }, A(U r ) be the algebra of all
continuous functions on U r that are analytic in U r , with algebraic operations defined pointwise.
A(U r ) is a Banach ∗-algebra with the supremum norm and the involution f ∗(z) = f (z), z ∈ U r .
It is ∗-semisimple, but not hermitian. Its enveloping C∗-algebra is E(A(U r )) = C[−r, r], the
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tions on U = U1 with involution as above. The restriction ı = f |U r embeds H(U) injectively
into A(U r ). One has E(H(U)) = Cc(−1,1), with “c” the compact open topology, which is not
a C∗-algebra. Note that H(U) is a dense ∗-subalgebra of the C∗-algebra completion of H(U) in
the C∗-norm ‖·‖∞, r of C[−r, r]. This also shows that the map
ϕ :C(−1,1) → C[−r, r], induced by H(U) → A(U r ) :f → f |Ur ,
need not be injective.
(2) Even if B[τ ] is a Banach ∗-algebra (hence E(B) is always a C∗-algebra), E(B) need not
be A[‖ · ‖]. For a locally compact non-abelian group G, take A = C∗r (G), the restricted group
C∗-algebra of G and B = L1(G). Then, E(B) = C∗(G), the group C∗-algebra of G [16, 13.9.1].
(3) The bounded part E(B)b of the pro-C∗-algebra E(B) is a C∗-algebra. In general, E(Bb) =
E(B)b . Take B =O(C), the Fréchet ∗-algebra of entire functions with the compact open topol-
ogy and the involution f ∗(z) = f (z), z ∈ C. By Liouville’s theorem, Bb = C, hence E(Bb) = C.
On the other hand, E(B) = Cc(R), the σ -C∗-algebra of all continuous functions on R, so that
E(B)b = Cb(R), the C∗-algebra of all bounded continuous functions on R.
(4) If B[τ ] is an ideal in A[‖ · ‖], then B[τ ] is an A-Segal ∗-algebra and E(B) = A[‖ · ‖] [11].
(5) Even if B[τ ] has a C∗-enveloping algebra, it can fail to be spectrally invariant in any
Banach algebra. An example in [27] works. Let K= L1(R) be the convolution Banach ∗-algebra
of integrable functions on R, the involution being f ∗(r) = f (−r), r ∈ R. Then C∗(R) is the
enveloping C∗-algebra of L1(R). For each n ∈ N, let
An =
{
f ∈ L1(R):
∞∫
−∞
en|r|
∣∣f (r)∣∣dr < ∞}.
Then each An is a Banach ∗-algebra with norm pn(f ) =
∫
R
en|r||f (r)|dr . On the other hand,
A = lim←−n An =
⋂∞
n=1 An, is a Fréchet m∗-convex algebra in the topology τ defined by the
pn’s. Let A1 and (An)1 be the unitizations of A[τ ] and An[pn], respectively. Then, A1 =⋂∞
n=1(An)1 = lim←−n(An)1. Further, ϕ :A → C is a complex homomorphism if and only if ϕ = ηz,
where
ηz(f ) =
∫
R
eizrf (r) dr, f ∈ A,
and ϕ ∈M(An) if and only if | Im z| n. Thus, as sets M(A) = C and M(A1) = C ∪ {∞}. In
fact,M((An)1) = Kn ∪ {∞}, the one point compactification of
Kn =
{
z ∈ C: | Im z| n}, n ∈ N, and M(A1) = lim−→
n
M((An)1)= C ∪ {∞}
with compactly generated topology (and not the one point compactification topology). The Gel’-
fand transform A  f → fˆ ∈ Â maps any f to a Schwartz function fˆ ∈ S(R), which extends
to a holomorphic function on C. Hence, the group GA1 of all regular elements of A1 consists
only of nonzero scalar multiples of the identity, and for any nonconstant f ∈ A, spA(f ) = C.
Thus, A is not spectrally invariant in any Banach algebra. Further, it is easily seen that ϕ = ηz is
a hermitian complex homomorphism if and only if z ∈ R. Hence,
M∗((An)1)= {z ∈ C: | Im z| n}∪ {∞} \ R ∪ {∞},
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A ↪→ L1(R) ↪→ C∗(R) are dense embeddings, A1 is dense in the unital C∗-algebra (C∗(R))1.
Note also thatM∗(A) is equicontinuous. Indeed, for any ϕ ∈M∗(A), ϕ = ϕx , x ∈ R, and for all
f ∈ A and n ∈ N,∣∣ϕ(f )∣∣= ∣∣∣∣∫
R
eixrf (r) dr
∣∣∣∣ ∫
R
∣∣f (r)∣∣dr = ‖f ‖1  ∫
R
enr
∣∣f (r)∣∣dr = pn(f ).
By [11] A1 has a C∗-enveloping algebra.
Proposition 4.4. Let B[τ ] be a complete m∗-convex algebra, which is continuously and densely
embedded in a C∗-algebra A[‖ · ‖]. Suppose that B accepts a unique C∗-norm. Then, the fol-
lowing hold:
(1) Every C∗-seminorm on B is τ -continuous;
(2) ‖ · ‖ is the greatest τ -continuous C∗-seminorm on B;
(3) B[τ ] has a C∗-enveloping algebra that equals to A[‖ · ‖].
Proof. Let q be any C∗-seminorm on B and q ′(x) = max{‖x‖, q(x)}, x ∈ B . Then, by the C∗-
norm uniqueness of B , one has that q ′ = ‖ · ‖. Moreover, q(x) = rq(x) rq ′(x) ‖x‖, for each
x ∈ B , where by the continuous embedding of B[τ ] in A[‖ · ‖] there is p ∈ Γ and k > 0 such that
‖x‖ kp(x), for all x ∈ B . This completes the proof of (1) and (2). Now, (3) follows by Lemma
2.1(1) and the definition of E(B). 
Let B[τ ] be a Fréchet m∗-convex algebra with Γ = {pn}n∈N the corresponding sequence of
m∗-seminorms. We may assume that
‖ · ‖ p1(·) p2(·) · · · .
Thus, each pn is a norm, hence each rn := rpn is a C∗-norm on B and
‖ · ‖ r1(·) r2(·) · · · .
Let Bn = (B[pn])˜, E(Bn) = (B[rn])˜, ˜ denoting completion. Then, B = lim←−n Bn and E(B) =
lim←−n E(Bn). Now, a mapping ϕ :E(B) → A is induced, the restriction of which to E(B)b we
denote by ψ ; i.e., ψ = ϕ|E(B)b . The following diagram describes schematically the situation:
Bb B
j
A
Bn
E(Bn)
E(Bb) E(B)
ϕ
E(B)b
ψ
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Proposition 4.5. Let B[τ ] be a dense Fréchet m∗-convex subalgebra of a C∗-algebra A[‖ · ‖].
The following hold:
(1) Consider the statements:
(i) ϕ is injective.
(ii) ψ is injective.
(iii) E(B) = A[‖ · ‖].
(iv) A+ ∩B = B+.
Then, (i) ⇒ (ii), (i) ⇒ (iii) and (iv) ⇒ (iii).
(2) If B[τ ] is spectrally invariant in A[‖ · ‖], then E(B) = A[‖ · ‖].
(3) If B[τ ] is ∗-spectral, then it has a C∗-enveloping algebra and every spectral m∗-seminorm
on B is a norm.
Proof. (1) Assume (i). Then, by the discussion before the preceding diagram E(B) = (B[τ ′])˜,
with τ ′ the topology of rn’s. On the other hand, since ψ is also injective we get that
supn∈N rn(x) = ‖x‖, for all x ∈ B . So, arguing as in the proof of Proposition 4.4, we get that
‖ · ‖ is the greatest continuous C∗-seminorm on B , therefore E(B) = (B[‖ · ‖])˜ = A[‖ · ‖] and
this proves (iii). Now, assume (iv). Then, in view of Krein’s extension theorem [30], one has that
each positive linear functional on B can be extended as a positive linear functional on A, which
gives (iii).
(2) From the spectral invariance of B[τ ] in A[‖ ·‖] and the continuity of the inclusion B[τ ] ↪→
A[‖ · ‖], there is k > 0 and pn ∈ Γ such that
rB(x) = rA(x) ‖x‖ kpn(x), ∀x ∈ B,
which shows that B[τ ] is a Q-algebra (see Section 1.2); hence E(B) is a C∗-algebra by
Lemma 2.1(2). Moreover, for each π ∈ R(B) = Rc(B), we have∥∥π(x)∥∥2 = rB(Hπ )(π(x∗x)) rA(x∗x)= ‖x‖2, ∀x ∈ B,
which shows that ‖ · ‖ is the greatest continuous C∗-seminorm on B . Therefore, E(B) = B‖·‖ =
A[‖ · ‖].
(3) Spectrality of B[τ ] implies Q-property, so that E(B) is a C∗-algebra. Moreover, if p is a
continuous spectral m∗-seminorm on B , we have
‖x‖2 = ∥∥x∗x∥∥= rA(x∗x) rB(x∗x) p(x)2, ∀x ∈ B,
which completes the proof of (3). 
Theorem 4.6. Let (An[‖ · ‖n) be an increasing sequence of C∗-algebras. Let B =⋃∞n=1 An, A =
lim−→n An = C∗ − lim−→n An, the C∗-algebra inductive limit (cf. e.g. [24, p. 176]). Let τ be the finest
locally convex (linear) topology on B making each of the embeddings idn :An[‖ · ‖n] → B[τ ]
continuous. Then, the following hold:
(1) B[τ ] is a complete m∗-convex algebra continuously and densely embedded in A.
(2) B[τ ] is spectrally invariant in A.
(3) B[τ ] is a Q-algebra, hence it has a C∗-enveloping algebra E(B) with E(B) = A; the C∗-
norm on A is a greatest τ -continuous C∗-seminorm on B .
88 S.J. Bhatt et al. / J. Math. Anal. Appl. 331 (2007) 69–90Proof. (1) Considering the ∗-inclusions in :An ↪→ An+1, n ∈ N, we clearly have that
‖ · ‖n+1|An = ‖ · ‖n = ‖ · ‖ (say), for all n ∈ N. So, by the definition of the C∗-inductive limit we
have that B‖·‖ = A[‖ · ‖]. Let now p ∈ ΓB and q(x) = max{p(x), p(x∗)}, x ∈ B . Then, the fam-
ily Γ ′B of the ∗-seminorms q defines a finer than τ topology τ ′ on B , such that B[τ ′] is a locally
convex space with continuous involution, and the inclusions idn :An[‖ · ‖n] → B[τ ′], n ∈ N, are
continuous. It follows by the definition of τ that τ = τ ′. Thus, the involution on B[τ ] is contin-
uous. Further, it can be proved that τ = τ ′ coincides with the finest locally m∗-convex topology
τ0 on B making all inclusions idn :An[‖ · ‖n] → B[τ0] continuous [22, p. 124, Proposition 3.4
and p. 125, Remark]. This completes the proof of (1).
(2) By standard C∗-algebra theory arguments, we conclude that
spB(x) ⊂ spAn(x) = spA(x) ⊂ spB(x), ∀x ∈ B,
and this proves (2).
(3) Since B[τ ] is continuously imbedded in A, we get that rB(x)  rAn(x)  ‖x‖  kp(x),
for some k > 0, some p ∈ ΓB and all x ∈ B . This yields that B[τ ] is a Q-algebra, therefore it
has a C∗-enveloping algebra by Lemma 2.1(2). Because of (2), the rest of (3) follows exactly as
in the proof of Proposition 4.5(3). 
Remark 4.7. More generally, let (Ai)i∈I be a net of C∗-algebras such that Ai ⊂ Aj whenever
i  j . Let A = C∗ − lim−→i Ai , and B =
⋃
i Ai . We consider the finest m∗-convex algebra topology
τ on B . Then, B[τ ] is a complete m-barrelled m∗-convex algebra with E(B) = A.
Example 4.8. (1) AF-algebras. Let A be an AF-C∗-algebra (see, for instance, [24, p. 183])
with A =⋃∞n=1 An, where each An is a finite-dimensional C∗-algebra. Let B =⋃∞n=1 An. This
includes the case of UHF-algebras [24, p. 180], in particular, Fourier algebras and C∗-algebras
of the Heisenberg model and of the Ising model.
Let A be any AF-algebra. Let δ be a closed ∗-derivation on A such that δ is a gen-
erator. By a theorem of Sakai [29, Theorem 4.5.1], there exists a sequence An↑ of finite-
dimensional C∗-algebras such that A = C∗ − lim−→n An and B =
⋃∞
n=1 An ⊂ Dω(δ) ⊂ C∞(δ),
where C∞(δ) ≡ ⋂∞n=1 D(δn) the C∞-elements of A with respect to δ and Dω(δ) ≡ {a ∈
C∞(δ):
∑∞
n=0(‖δn(a)‖/n!)rn < ∞ for some r > 0} the analytic elements with respect to δ. Let
τδ be the topology on B induced by the Fréchet topology on C∞(δ). Then, ‖ · ‖ τδ on B and
B[τδ] is a Q-algebra. Thus, E(B[τδ]) = A.
(2) Quasi-local observables. LetR denote the collection of all open subsets of the space–time
manifold M. For each θ ∈R, let A(θ) be the C∗-algebra of observables in θ . Then, R  θ →
A(θ) is a local net of C∗-algebras. It is assumed to satisfy the isotropy condition
θ1 ⊂ θ2 ⇒ A(θ1) ⊂ A(θ2).
Then B = ⋃θ A(θ) is the ∗-algebra of local observables; A = C∗ − lim−→θ A(θ) is the C∗-
algebra of all quasi-local observables. It follows from the above that local observables form a
complete m∗-convex algebra B which is a Q-algebra and whose enveloping C∗-algebra is the
C∗-algebra A of all quasi-local observables containing B as a spectrally invariant algebra.
(3) Let Mk be the C∗-algebra of all k × k complex matrices. Then Mk ↪→Mk+1 by a →(
a 0
0 0
)
. Let Kf = lim−→kMk (topological inductive limit), K(l2) be the C∗-algebra of all compact
operators on l2. Then E(Kf ) =K(l2).
Now, let A be any C∗-algebra with identity. Let Mk(A) = A ⊗Mk and B =⋃kMk(A) =
lim Mk(A) (topological inductive limit). Let R = K(l2) ⊗˜A be C∗-algebra tensor product.−→k
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E(B) =R.
(4) Smooth versions of compact operators (N.C. Phillips). Let A be a C∗-algebra. LetMk(A)
and K =K(l2) be as above. Let K∞ = s(Z2), the vector space of rapidly decreasing sequences
on Z2. It is a ∗-algebra with multiplication (s, t)(m,n) =∑j∈Z s(m, j)t (j, n). Note that K∞
can be regarded as a ∗-algebra of bounded operators on l2(Z) as K∞  t → Tt : s(Z) → s(Z)
with Tt s = [t][s] (row-column matrix multiplication). For ν  0 in Z and s ∈K∞, the function
pν(s) = ‖s‖ν =
∑
m,n∈Z
(
1 + |m| + |n|)ν∣∣s(m,n)∣∣
is an m∗-norm. Then,Kν = (K∞[‖·‖ν])˜ (completion) is a Banach ∗-algebra andK∞ = lim−→ν Kν
is a Fréchet m∗-convex algebra with topology defined by ‖ · ‖ν ’s. Note that ‖Tt‖  ‖t‖∞, t ∈
K∞. The Fréchet m∗-convex algebraK∞ is a Q-algebra, continuously embedded inK as t → Tt .
K∞[‖ · ‖] is a Q-algebra and E(K∞) = K. The algebra K∞ is the smooth version of compact
operators. This is due to N.C. Phillips.
(5) For 1 p < ∞ let Cp(H) denote the operators of Schatten class Cp on a Hilbert space H .
It is a ∗-ideal in K(H) and a Banach ∗-algebra with Schatten norm ‖ · ‖p  ‖ · ‖, the opera-
tor norm. For p  q , Cp ↪→ Cq continuously. Let Cω(H) =⋃1p<∞ Cp(H). Then, Cω(H)
is a dense ∗-ideal in K(H). It can be given two topologies making it a topological ∗-algebra
Cw(H)[τ1] = lim−→p Cp(H)[‖ · ‖], and Cw(H)[τ2] = lim−→p Cp(H)[‖ · ‖p]. One has E(Cω(H)) =
K(H). Similarly, the Fréchet locally convex ∗-algebra Cew(H) = ⋂1<p<∞ Cp(H) with the
topology of all Cp-norms is dense in K(H). It is also a C∗-spectral hermitian Q-algebra.
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